The surface critical behaviour is studied directly in xed spatial dimensions d = 4 ? < 4 without resort to the expansion. Generalization of the massive eld theory approach appropriate to the description of the standard semi-in nite n-vector model with the surface term 
Introduction
Since the early seventies, extraordinary progress in understanding of phase transitions and critical phenomena was achieved owing to the application of the power of eld theory and renormalization group (RG) in this region of statistical mechanics 1{4]. General, conceptually appealing theoretical framework was provided for the investigations of physics that happens. The implementation of eld theoretical methods has led to high-precision numerical analysis of critical exponents 5{9], universal amplitude combinations and the features of preasymptotic behaviour 10{13] in the theory of in nite-volume, bulk phase transitions.
Substantial achievements were also gained more recently in the theory of surface critical behaviour (for reviews see references 14{16]). An important point to mention is that this subject is much more complicated from both conceptual and technical points of view, being at the same time very rich with respect to actual physical phenomena. A series of modern eld-theoretical methods developed and tested originally in the studies of bulk critical phenomena, have subsequently been extended to systems with boundaries. This has led to considerable success in the investigation of surface critical phenomena occurring at bulk critical temperatures. The techniques applied include dimensionality expansions about upper and lower critical dimensions as well as position-space renormalizations and 1=n expansions for models with n-component order parameters. One should however admit that much less is known in this eld, in comparison to bulk transitions, in what concerns the accurate quantitative theoretical predictions.
M.Shpot
In our recent paper 17] we have initiated the investigation of the critical behaviour at surfaces using the massive eld theory RG approach in xed space dimensions d below the upper critical dimension d 18] . The merits of this approach are well known: pushed to su ciently high orders of perturbation theory and combined with sophisticated series resummation techniques, it has produced values of bulk critical exponents in htree dimensions 5, 6] belonging to the most accurate ones obtained so far by other methods 7{9, 21, 22] . In a similar fashion the estimates of universal critical amplitude relations 10,11] of comparable precision were obtained. This method was also possible to apply (although with less numerical accuracy) in the calculation of the correlation length amplitude ratio of three-dimensional Ising model 23] , in the study of several anisotropic and disordered systems 24{26], and and in general, noninteger dimensions 2 6 d < 4 27] .
In the present paper we present the generalization of the massive eld theoretical approach in xed dimensions to the description of the special transition occurring in semi-in nite systems bounded with a plane surface. We believe that such extension is an important fundamental problem. On the other hand, we have been motivated by persisting discrepancies between the expansion numerical estimates 15] and more recent Monte Carlo calculations 28{32] of the crossover surface critical exponent in threedimensional systems. Thus, having established the general framework, we performed explicit two-loop calculations appropriate to the special surface phase transition occurring in three-dimensional semi-in nite systems at the bulk critical point. The details of pertaining Feynman graph calculations will be communicated elsewhere 33]. Here we present the results of extensive Pad e analyses and Pad e-Borel resummations of our series expansions. We illustrate the good agreement of our estimates of the surface critical exponents with the most recent results of computer simulations.
In section 2 we start with the representation of the e ective Hamiltonian of the semi-in nite n-vector model with surface, and provide the necessary background information.
In section 3 we recall the well-known normalization conditions of the massive eld theory for the renormalized vertex functions of the in nitevolume theory, and establish the new normalization conditions appropriate for the correlation functions of semi-in nite systems described in section 2. We introduce the surface-enhancement shift resembling the additive mass shift in superrenormalizable bulk theories. This is required in order to eliminate divergences associated with the short-distance singularities appearing due to the presence of the surface.
In section 4 we discuss the general aspects of the massive eld theory of the special transition. We write down the corresponding Callan-Symanzik equations and consider the non-analytic temperature dependences of the renormalization Z factors at the special point. We construct also the expansion about the multicritical point in terms of small surface-enhancement deviations from its special value. The critical exponents of surface correlations and susceptibility, as well as the crossover exponent are identi ed in the framework of our general approach.
In section 5 we consider the underlying perturbation theory. After displaying some general features of perturbative expansions we provide explicit and detailed calculation for arbitrary spatial dimensions in the one-loop approximation. Owing to the lack of space, we only quote here our two-loop results at d = 3 without presenting any calculational details.
Our second-order series expansions provide the basis for the extensive numerical computations of a whole series of the surface critical exponents pertaining to the special transition. In section 6 we discuss and tabulate . The tensorial indices fa j ; b k g will be suppressed whenever no confusion is possible. The ultraviolet (uv) singularities of the theory should be assumed to be regularized by means of a large-momentum cuto .
We shall also need the (bulk) analogs of these functions for the j j 4 theory in the in nite space, i.e., with V = IR d . The easiest way to de ne these is the usual one where all boundary terms in the action (1) bulk (fpg; fz jk g) ; (5) where fpg here stands for the set of all N + I parallel momenta.
To proceed, it is necessary to recall a few well-known properties of the model (1) . The line of surface transitions separates the SD/BD from the SO/BD phase. At bulk criticality, we thus have three distinct surface transitions | the ordinary, special, and extraordinary. Of these only the ordinary and special transition can be reached from the disordered phase and may be treated by means of our present analysis. In the present paper we restrict ourselves only to the latter type of transition.
The consideration of the disordered phase simpli es the analysis considerably. One does not have to deal with a nonvanishing, and spatially 2 In other words, the dimensionality of space d should be so that the d ? 1 dimensional boundary of the system may independently attain the long-range order (we do not consider more complicated situations occurring in XY models). The special transition discussed just below does not exist in two dimensions in Ising systems (n = 1) whereas it still remains in the polymer adsorption (n = 0) 34]. (7) The translationally invariant rst term on the right-hand side of (6) is the free bulk propagator.
The perturbation series of the functions (3) in terms of the free propagator (6) can be regularized by settingĜ(p; z; z 0 ) = 0 for jpj > . Alternatively, we shall use in the following the dimensional regularization of the theory.
Normalization Conditions of the Massive Field Theory
Our aim is to study surface critical behaviour at a bulk critical point. Therefore, a necessary property we ought to require from our approach is that the bulk critical behaviour be treated appropriately. A convenient way to achieve this is to choose it in such a manner that it reduces for all bulk quantities to a well-established standard procedure. In our case this will be the conventional one based on normalization conditions (see, e. g., 35, 36, 19, 20, 3] ). Alternatively, one could choose a massive approach based on minimal subtraction of poles, as described for the bulk case by Schloms and Dohm 12].
Bulk normalization conditions
Starting from the bare bulk vertex functions ? (9) The mass shift and the renormalization factors are xed through the standard normalization conditions ? (2) bulk;ren (q; u; m) q=0 = m 2 ;
bulk;ren (q; u; m)
? (2;1) bulk;ren (q; Q; u; m) q=Q=0 = 1 ;
? (4) bulk;ren (fq i g; u; m) fqi=0g = m u (13) (14) Since the mass shift is su cient to absorb the uv singularities of the bare functions ? 
The following normalization condition xes the correlation function with the insertion of the surface operator (24) and (25) specify the renormalization factors Z 1 and Z 2 s respectively, in a similar way as the bulk normalization conditions (11) and (12) Let us consider the = 1 limit in the sequel. In our calculations pertaining to the surface critical exponents we actually took = 1 from the outset, employing dimensional regularization. In this limit the bulk Zfactors Z and Z 2 become functions of the single dimensionless variable u.
However, with our choice of normalization conditions at the boundary, the surface Z factors Z 1 and Z 2 s depend both on u and the dimensionless ratio c=m.
It would be essential to carry along the general dependence on the variable c=m in an eventual investigation of the full crossover between di erent types of surface critical behaviour (see section 2). Our main objectve will be, however, the calculation of the surface critical exponents of the special transition. In order to do this it is su cient to study the critical behaviour in the limit of c=m 1. Therefore we focus directly on this asymptotic behaviour in the following. 
Special Transition: general considerations
Let us turn directly to the case of the special transition. In order to reach the corresponding multicritical point we can safely set c = 0. This does not cause any problems in the theory, whenever the surface-enhancement renormalization has already been performed. We investigate then the corresponding critical behaviour by studying the theory at small temperature deviations from the bulk critical point T c . Thus we obtain an \e ective" massive theory, appropriate for the special transition, expressed in terms of the dimensionless bulk renormalized coupling constant u. The multicritical point is then reached in the theory as u = u , with u the usual bulk xed-point value of u. This way to access the description of the critical behaviour at the special transition in three dimensions (being valid for all ren;sp (; m; u) ; (33) where the integration is over the position X of the inserted 2 operator. Just as in the bulk case, and as could be corroborated by means of a short-distance expansion, the inhomogeneity G on the right-hand side should be negligible in the critical regime. The resulting homogeneous equation di ers from the standard bulk Callan-Symanzik equation mainly in that it involves the new function sp 1 (u), and can be integrated in a standard fashion. The coe cient functions in the equation (32) du (36) which is speci c for our semi-in nite system. The symbol j 0 indicates that the derivatives are taken at xed bare coupling constant and surface enhancement (and cuto ). 
Using the simple dimensional analysis forĜ (0;2) ren;sp and the mass dependences (39) and (40) 
In our expansion no danger of the infrared divergences occurs like in the conventional small-t expansion near the critical point in the bulk (see e.g. 
General
The free propagator of our perturbation theory was already given in equation (6) . We start with the diagrammatic expansion of the simplest surface connected correlation functionĜ (2) \melon" graph with three equivalent internal lines; (3) one-particle reducible graph: a line joins two single loops; (4) one-particle irreducible graph: a loop at the top of another loop.
The \amputated" external propagators in these graphs reduce to e ? 0z .
Internal lines remained unchanged, and denote the full free propagators (6) . Unlike the procedure of inverting the connected pair correlation functioñ G (2;0) bulk in the bulk theory yielding the amputated, one-particle-irreducible vertex function? (2;0) bulk , here, as a consequence of the absence of translational invariance along the z direction, only a partial cancellation in the external legs occurs, and the one-line-reducible graphs do not disappear.
We nd it to be convenient to calculate using the inverse surface correlation function Ĝ (0;2) ] ?1 , and thus, we would like to re-express several above formulas in terms of it. First, let us simply write the normalization condition (23) 
which is the \surface" part of the free propagator (6 In our massive theory the value of is not necessarily restricted to be in nitesimally small and the above expressions hold for any relevant dimensions d < 4 (see Section 2). The rst-order coe cients at u are universal in the same sense as the two rst function coe cients 3], being independent of the renormalization scheme.
The presence of the Euler gamma function ?( ) indicates the dimensional poles 1= when d approaches to 4. In this limit, corresponding to the expansion, equations (66) and (67) Let us evaluate our functions at the xed point u = u which is the infrared-stable zero of the function (see e.g. references 35, 36, 3] ). In the present approximation, the one-loop function yields
Substituting this in equations (69), (70) Note the di erent numerical normalizations of the renormalized coupling constant u used here and in Subsection 5.3. from our involved two-loop calculations (see tables 1 and 2). This occurence might be understood in the context of the expansion. Our one-loop expression (73) for sp 1 (u ) di ers from the standard one-loop -expansion result by the denominator 1 + . This denominator represents, apparently, the result of certain partial resummation of the whole expansion of sp k : this denominator, expanded in small , would bring its contribution to each order of the true expansion. The role played by this denominator is the suppresion of the linear growth of sp k with . This is a right tendency, whose e ect is similar, in the present situation, to the inclusion of the 2 term in the true expansion. This improvement happened to be quite successful, as was illustrated just above 5 .
Two-loop approximation
In the next order of the perturbation theory we restrict ourselves to the (89) Here 1 is the surface magnetic shift exponent; ? characterizes criticalpoint correlations in z direction perpendicular to the surface; 1 characterizes the decay of the surface magnetization on approaching the critical temperature; 11 is the (local) surface susceptibility exponent; 1 is the layer susceptibility exponent; 11 and 1 express the relation of the surface magnetization to the surface and bulk external magnetic eld, respectively, along the critical isotherm; 1 and 11 are the exponents of layer and local speci c heats. Let us consider the rst group of exponents k ; : : : ; 11 (tables 1 and 2) related to the function sp 1 (u). Table 1 . Special transition surface critical exponents associated to the renormalization-group function 1 . n = 0, u = 1.632. The most reliable estimates are obtained here from the direct series for the exponent 1 , which appear to exhibit the best convergence properties. Table 3 . Special transition surface critical exponents associated to the renormalization-group function c . n = 0, u = 1.632. Our numerical values of the surface critical exponents gathered in tables 1-4 generally are in reasonable agreement both with previous estimates Table 4 . Special transition surface critical exponents associated to the renormalization-group function c . n = 1, u = 1.597. 
